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Generalization in Machine Learning
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Figure: Overfitting and Underfitting!
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Traditional Learning Theory

Dataset S :={z1,22, -+, z»}

Instance: z; € Z : X x Y(Supervised) or X'(Unsupervised)
Distributions: Z; i.i.d. drawn from p

Output hypothesis: w € W

Loss function £: W x Z — R*

Optimal hypothesis w* := argmin,, ¢,y Ez,[¢{(w*, Z)]
ERM hypothesis werm := arg min,, ey = S0, 4(w, z;)
Generalization Error:

E(w,S) = Ez [(W, Z)] - %Ze(w, z1)
i=1

@ Unexpected excess risk: r(w,z) = {(w, z) — {(w*, z)

@ Excess risk:

R(w) :=Ez .[l(w, Z)] — Ez,[l(w", Z)]
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Information Theory for generalization error

o Xu & Raginsky [NIPS'17]: E[&(W, S)] < /22 1(W; S)
o Issue: /(W;S) can be arbitrarily large for determ|n|st|c algorithms such as ERM.
Negrea et al. [NIPS'19]: E[E(W, 5)] < Euwu 2”2 1 (W;S,)
Bu et al. [ISIT'19]: E[E(W,S)] < 137 1\/W
Thomas & Lydia [COLT'20]: E[E(W, S)] < /2221 (W; J|S?")

Another Issue: sometimes the information-theoretic bounds do not capture the
true convergence rate even in a very simple Gaussian mean estimation problem.
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Example: Gaussian Mean Estimation

o Data: Z; ~ N(p,0%)
o Loss: {(w,z) = (w — z)?

e ERM: WERm—lz,lz N(u,n)

o Loss distribution: (W, Z;) ~ 522 — | /20, ~sub-Gaussian under Py @p

where O'lz/v = "H 2 for any |
e Mutual informat|on. I(W; Z;) =
e Bounds:

Ews [E(W,S)] < NZ\/(n+1 ﬁlrvO(l,’).

@ True Generalization Error:

202 1
Ews [E(WErm, S)] = TN ~ 0 <>
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Main Results: Change on the Assumption

Theorem (Bu et al. (ISIT'19))

Suppose that (W, Z) is o-sub-Gaussian under the distribution Py ® p, then:

Ews, [E(W,S,)] < Z\/202I (W; Z)

v

Suppose that r(W, Z) is o-sub-Gaussian under the distribution Py & p, then:

Ews, [E(W,S,)] < Z\/202I(W Z)

Recall: r(w,z) = l(w, z) — {(w*, z).
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Suppose that r(W, Z) is o-sub-Gaussian under the distribution Py ® p, then:

Ews, [E(W,S))] < %Z \/2021 (W; Z))
i=1

To achieve fast rate:

@ The output hypothesis of the learning algorithm must be “good” enough com-
pared to the optimal hypothesis w*;

@ We encode the notion of goodness in terms of the CGF by controlling r(w, z).
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Example Continued: Gaussian Mean Estimation

o Zj ~ N(u,o%)

o r(w,z) = (w—2)—(n—2z)

o Expected Excess risk: Ep, qu[r(w,z)] = —’2"

o CGF: logEp, g, [e""(W-2) =W 2] < @ for any n: r(W, Z) is /278
sub-Gaussian.

@ The MI bound:

EW5[5W5]<U’VZ ZUNN (1)

@ True Generalization Error:
202 1
Ews [E(WErm, S)] = nN <)
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Once we have made the assumption on the excess risk, we observe that:

@ Subgaussian on /: 20%—sub—Gaussian

. 404 .
@ Subgaussian on r: \/ —X-sub-Gaussian

The CGF under r can converge to zero with n increasing but not the case with ¢
— difference in rate.
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Reformulation

Theorem (Fast Rate with Sub-Gaussian Condition)

Let R(w,S) := IS r(w,z). Assume that r(W,Z) is o-sub-Gaussian under
the distribution Py ® u:

1-a,

Ews [E(W, S)] < Ews[R( Z/(W Z;)
n
for any 0< n < Mz@ and ap = 1— B ol (W.Z)] ®Z?:(W Z
W b 1

v

However, both 1 and «, depend on Ep,,[r(W,Z)] and o2, which potentially
depend on n as well.
New conditions needed!
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Expected (7, c)-Central Condition

Definition (Expected (7, c)-Central Condition)

Let » > 0 and 0 < ¢ < 1 be two constants. We say that (u, ¢, W, A) satisfies the

expected (7, ¢)-central condition if the following inequality holds for the optimal
hypothesis w*:

108 Bz [ e~ "W )] < —cilBp,eplr(W, 2))

Conventional 7-central condition [Van Erven et al., 2015, Def. 3.1]:

log Ep,, cpu [e_"r(w’z)} <0,m>0

@ The RHS of (7, c)-CC is negative and has a tighter control than 7-CC of the
tail behaviour.

@ Roughly speaking, this condition ensures that for all ' < 7, the probability
that w outperforms w* by more than L is exponentially small in L+ cE[R(W)].
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Closely related works on fast rate

@ Bernstein's Condition [Van Erven et al., 2015]: ‘“easiness” of the learning
problem with second moment.

@ Central condition and witness condition [Griinwald et al., 2020]: “easiness” of
the learning problem with MGF and observability.
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Bernstein's Condition

Corollary

Let 3 €[0,1] and B > 1. For a learning tuple (i, ¢, W, A), we say that the Bern-
stein condition holds if the following inequality holds for the optimal hypothesis

w*:

Epyen [r(W, 2)?] < B(Epyeulr(W, 2)])’.

Then, if 3 =1 and r(w, z;) is bounded by —b with some b > 0 for all w and z;,

the learning tuple also satisfies (min(%, m), 3)-central condition.
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n-Central with Witness Condition

@ 7-central condition:
Ep,on [e—n(r(w,z»] <1

@ (u, c)-witness condition for u > 0 and c € (0, 1]:

EPW@W[r(W’ Z) : l{r(W,Z)SU}] > CEPW®M [r(W’ Z)] )

If the learning tuple satisfies both n-central condition and (u, c)-witness condition,

5/

then the learning tuple also satisfies the (7'
n <.

U qul) -central condition for any 0 <
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(1, c)-Central Condition Theorem

Theorem (Fast Rate with (7, ¢)-central condition)
Assume the learning tuple (w1, ¢, W, A) satisfies the (n, c)-central condition for some
constantsn > 0 and 0 < ¢ < 1. Then, for all ' € (0,n], it holds that,

BuslE(W, S)] < B[R (W.S)] + - > 1(Wi ).
i=1

For algorithms such as ERM, the first term will be negative and hence,
1 n
E w < I(W; Z;
sl (W S) <> IwiZ)
achieving O(%) for (W, Z;) ~ O(%)
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Example Continued: Gaussian Mean Estimation

For any n,
2254 _ o2 2
log Ep,, [efnr(W,Z)] < ZTINTTIN o IN
n n
This learning problem satisfy the (7, ¢)-central condition for:
1
e 0« n < ﬂ
o c<1- 2770,2\,
Taking 7 = ;1> and ¢ = 4, the bound becomes
N
1-c 5 1 < 302
Ews[R(W,S)] + — Y I(W;Z) =",
CEwslRW. S+ S IWiz) =

i=1
arriving at the fast rate O(1/n).
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Extension: Excess risk with Regularized ERM

@ Algorithm [Koren & Y. Levy, 2015]:

A
wrerm = arg min L(w, S) + g( )s
wew

where g : W — R denotes the regularizer.
@ Assume Boundness: |g(w1) — g(wz2)| < B for any wy and wp in W

@ Bounds for excess risk:

AB 1
Ew|[R(W <— 4+ — (W i Z;
wlR(Wrerm)] < + o Z RERM; Zi).-
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Extension: Intermediate Rate

Definition ((v, ¢)-Central Condition)

We say that (u, ¢, W, A) satisfies the (7, c)-central condition up to some ¢ > 0 if
the following inequality holds for the optimal hypothesis w*:

log Ep, @p [e—nr(sz)} < —cnEpyeu[r(W, Z)] + ne.
Let v : [0,00) — [0, 00) is a bounded and non-decreasing function satisfying v(¢) >

0 for all e > 0. We say that (i, £,V, A) satisfies the (v, c)-central condition if for
all € > 0, (n, c)-central condition up to € is satisfied with n = v(e).

v
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Extension: Intermediate Rate

@ Assume (v, c)-Central Condition holds,

n

1-c A 1 1 €
Ews[R(W,S)] + - I(W;Z)+ - ).
c né(v(e)c c)

Ews[E(W, S)] <

o In particular, if v(e) < ¢!=# for some 3 € [0, 1]:
EwslE(W, S)] <2 Ews[R (W, S)] + ii/(w-z-)ﬁ
ws ) =""¢ ws ) ne £ v & .

corresponding to the results under Bernstein's condition [Hanneke 2016, Mhamme
2019, Griinwald 2021].
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Comparisons

Table: Technical Conditions Comparisons

Condition Key Inequality
(n, c)-Central logE [e*"r(W*Z)] < —cnE[r(W, Z2)]
Bernstein with 5 =1 logE [e=""W: D] < —InE[r(W, Z)]
Central + Witness logE [e=""W:D)] < *C%U]E["( W, 2)]
Central Only log E [e*"’(w’z)] <0
Sub-Gaussian log E [e=""W:D)] < —qE[r(W, Z)] + #
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@ Non-trivial verification for (7, c¢)-cental condition;
@ More learning tasks and algorithms that satisfy (7, ¢)-condition;
@ Fast rate other than ERM, RERM.
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