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Generalization in Machine Learning
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Traditional Learning Theory

e Dataset S ={z1,22,- -+ ,zn}

@ Instance: z; € Z : X x Y(Supervised) or X'(Unsupervised)
@ Distributions: z; i.i.d. drawn from u

@ Output hypothesis: w € W

e Loss function £: (W, Z) — R*

e Optimal hypothesis w* := arg min,, ¢y E,,[0(w*, )]

@ Excess risk:

ER(W) = Ezyll(w, 2)] — Exy[(w", 2)]
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Generalization Error for ERM algorithm

For ERM algorithm such that wgrm = argmin,, 1 ™7 4(w, z;), we have
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Generalization Error for ERM algorithm

For ERM algorithm such that wgrm = argmin,, 1 ™7 4(w, z;), we have

ER(werm) = Eznp[€(WerM, 2)] — Eznopu[€(w™, 2)]

1 -z 1 . * 1 . * *
= gen(werm) + — > U werm; 7)) — - > o Uwr,z)+ - D oUW, zi) = Eemp[t(w*, 2)]
i=1 i=1 i=1

<0 LLN

1< . .
< lgen(werm)| + ;Zf(w :2j) — Ezop[l(w?, 2)]
i=1

LLN

where we define the generalization error as

gen(W) :=| Ez,l(W, 2)] = T S UW, Z) |
i=1
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Information Theory for generalization error

@ Russo & Zou [TIT'19], Xu & Raginsky [NIPS'17]:

Elgen(W)] < /22 1(W: )
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Information Theory for generalization error

@ Russo & Zou [TIT'19], Xu & Raginsky [NIPS'17]:

Elgen(W)] < /22 1(W: )

e Raginsky el al. [ITW'16]:

Elgen(W)] < J 2 S (Wi z)s)
i=1
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Information Theory for generalization error

@ Russo & Zou [TIT'19], Xu & Raginsky [NIPS'17]:

Elgen(W)] < /22 1(W: )

e Raginsky el al. [ITW'16]:

Elgen(W)] < J 2 S (Wi z)s)
i=1

@ Bu et al. [ISIT'19]:

E[gen(W)] < Z,/zfﬂl (W; Z))

o Negrea et al. [NIPS'19]:
Elgen(W)] < E[v/ Dk (Q(S)[IP (51))/2]
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What is Transfer Learning?
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Figure: Transfer learning of digit recognition
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o Target Data: (z1,20,- -+, zgy) for B € [0,1) with
SeS=2Zx2Z2...xZ
Bn times
@ Target Data distribution:
P =/ x -+ x p := p/®0n

Bn times
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o Target Data: (z1,20,- -+, zgy) for B € [0,1) with
eSS =2Z2x2Z---xZ
—_—

Bn times

@ Target Data distribution:

Pg = MI « /J,/”- > M/ — M/@ﬁn
—_—
£n times
@ Source Data: (zgp+t1,28n+2," "+ , 2Zn) With

SeS§=ZxZ---xZ
@ Source Data distribution:
Ps =X - x pu:= p@a=Fn

Xuetong Wu et al. (UniMelb) Info-Bounds For Transfer Learning 1SIT2020 7/18



Risks Definition

@ Optimal hypothesis:
w* = arg mmi/n Ezu[t(w, Z)]
e Empirical Loss [Ben-David et al., ML'10]:
o or l1-—a u
Lo(w) = Bn gf(W,Z;) + = p)n i:ﬁznﬂ U(w, z))
= alls [((w, )] + (1 — a)Bs [((w, 2)]
@ ERM hypothesis:

wegrm = argmin Ly (w, S, S)
w
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Excess Risk:

ER(W) = Ezrepu[t(w, Z')] — Egiep[(w*, 2')]
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Excess Risk:

ER( W) = EZ’NM’ [E(W, Z/)] — EZ’NM’ [E(W*7 Z/)]
We can then decompose the excess risk as

ER(Werm) <|gen(Werm) + La(w™,S5,S") — Lpg,py, (W™) + (1 — ) (Lu(w™) — L (w™)) |

LNN constant

Generalization error for transfer learning:

gen(Werm) = L (Werm) — La(Werm, S, S')
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Main results

If ((W,Z)—E{¢(W,Z)} is upper bounded by () in the interval (b_, by)
under the product distribution Py ® u’ for some b_ < 0 and by > 0:
E{gen(Werm)} < als [" 71 (1(Werm;: Z))] + (1 — a)Bs[y* ™ (I(Werwm; Zi) + D(ul|n'))]

Target Source

~E{gen(Werm)} < ofts [ (1(Wermi Z0))] + (1 — a)Es[vi ™ (I(Werm: Z1) + D(pl "))

where we define

x—1 - : X+ w(_/\)
V() = AG[(I)l:Lfb_) A
_Tl(x) — inf TV +¥(A)

A€[0,by) A

Xuetong Wu et al. (UniMelb) Info-Bounds For Transfer Learning 1SIT2020 10/18



Sub-gaussian upper bound

If the loss function £(W, Z) is r?-subgaussian, namely

2)\2
AW, 2)-E{(W,Z2)}y  ©
logE{e } < >
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Sub-gaussian upper bound

If the loss function £(W, Z) is r?-subgaussian, namely

2)\2
AW, 2)-E{(W,Z2)}y  ©
logE{e } < >

For any source samples and target samples

|E{gen(Werm)}| <als [\/QfZ/(WERM; Zi):|

+(1—a)fs [\/2FZ(I(WERM; Zi) + D(ullp'))
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Sub-gaussian upper bound

If the loss function £(W, Z) is r?-subgaussian, namely

r2)\2

AW, Z)-E{{W,2) 1
logE{e } < >

For any source samples and target samples

|E{gen(Werm)}| <als [\/QfZ/(WERM; Zi):|

+(1—a)fs [\/2FZ(I(WERM; Zi) + D(ullp'))

For 8 = 0, under generic W

By [ (W) - 207, 5)] | < Y27 Z%lwz )+ D(ulu)
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Excess Risk Bound

Excess Risk w.r.t. p':
ER(W) = Ezw[€l(W, Z))] = Bz~ [((W", Z})]

With probability at least 1 — §:

ER(Werm) <als |:\/2r2l(WERM; Zi)]

+ (1 - a)is [\/%2 (Werm; Zi) + D(pl[p/ ))]

a?  (1—a)? /r2ln5
F—i_(l—ﬁ) + (1 — @)Dy (i, 1) +

where Dy (p, pf') = sup,,cw |Lu(w) — Ly (w)].
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Noisy iterative algorithm

We consider the following noisy gradient descent algorithm

W(t) = W(t —1) — VI (W(t — 1),5,5") + n(t)
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Noisy iterative algorithm

We consider the following noisy gradient descent algorithm

W(t) = W(t —1) — VI (W(t — 1),5,5") + n(t)

After running T iterations, we can bound

Euss [gen(W(T))] < @ Qﬂrjf(s') +(1- Q)J 202 ((1’(5),7

Where we define

i(s" = I(s Zlog ( W) . 0)
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Extension

e ¢ divergence bounds [Jiao et al., ISIT'17]

E[gen(Wgrm)] <a||a||oo Z’ Werm; zi)

1— o)l oo
L (A =dllofle Z (ls(Werw; 2:) + 2TV (1, 1))
(1 - ) i=Bn+1

Xuetong Wu et al. (UniMelb) Info-Bounds For Transfer Learning 1SIT2020 14 /18



Extension

e ¢ divergence bounds [Jiao et al., ISIT'17]

E[gen(WERM ] <Oé||0||oO ZI WERM Z,

1— o)l oo
L (A =dllofle Z (ls(Werw; 2:) + 2TV (1, 1))
(1 - ) i=Bn+1

e Wasserstein distance bounds [Wang et al., ISIT'19]

ﬁn
E[gen(WERM)] = 57 Z]E [Wl(PWERM? ’DWERM\Z )]
i=1
+ mﬁ Z (EN[Wl(PWERM? PWERM|Z,')] +W1(,U,,/1,/))

i=Bn+1
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Gaussian Transfer

Data Distribution: = N(m,0?), ' =N(m',0?), m#m
Loss function: #(w,z) = (w — z).
ERM solution & Mutual Information::

n
n—1

1 1
Werm = — > 7, 1(Wermi Z) = 5 log
i=1
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Gaussian Transfer

Data Distribution: = N(m,0?), ' =N(m',0?), m#m
Loss function: #(w,z) = (w — z).

ERM solution & Mutual Information::

n
n—1

1 ¢ 1
Werm = nz;zi, I(Werw: Zj) = 5 log
1=
True generalization error:

N 202
E{L(Werwm, S) — Lv(Werm)} = -t 20°D(p|i)
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Gaussian Transfer

Data Distribution: = N(m,0?), ' =N(m',0?), m#m
Loss function: #(w,z) = (w — z).
ERM solution & Mutual Information::

n
n—1

1 ¢ 1
Werm = nz;Zh I(Werw: Zj) = 5 log
1=
True generalization error:

N 202
E{L(Werwm, S) — Lv(Werm)} = -t 20°D(p|i)

Upper-Bound:

n+1 1 n
E{gen(Werm)} < 2 ( . ) o*\/ 5 log —— +20°D(uli)
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Logistic Transfer

source +
source -
target +
target -

® X @ X

-10.0 -75 -5.0 -25 0.0 25 5.0 75

Bernoulli distribution with probability:

p(1) :

- 1+ewix
Loss function:

Uw, z) == ~(yilog(a(w X)) + (1 - i) log(1 — o(w"x))))
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Comparison with existing works

We compare the bound with the Rademacher Complexity bound [Zhang et
al., NIPS'12] under the same settings:

Generalization Error Bound Excess Risk Bound
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Figure: Comparisons for generalization error and excess risk
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Conclusion

@ Generalization error and excess risk bounds for transfer learning using
mutual information.
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Conclusion
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Conclusion

@ Generalization error and excess risk bounds for transfer learning using
mutual information.

KL divergence (and other types of metrics) can be used to capture the
domain divergence under this framework.

Our bound is tighter in specific classification problems than the bound
derived using Rademacher complexity.

Future work: Gibbs algorithm.

Thank You!
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