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Generalization in Machine Learning

Figure: Overfitting and Underfitting1

1Source: www.educative.io/edpresso
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Traditional Learning Theory

Dataset Sn: = {z1, z2, · · · , zn}
Instance: zi ∈ Z : X × Y(Supervised) or X (Unsupervised)

Distributions: zi i.i.d. drawn from µ

Output hypothesis: w ∈ W
Loss function ` : (W,Z)→ R+

Optimal hypothesis w∗ := arg minw∈W Ez∼µ[`(w∗, z)]

Excess risk:

ER(w) := Ez∼µ[`(w , z)]− Ez∼µ[`(w∗, z)]
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Generalization Error for ERM algorithm

For ERM algorithm such that wERM = arg minw
1
n

∑n
i=1 `(w , zi ), we have

ER(wERM) = Ez∼µ[`(wERM, z)]− Ez∼µ[`(w
∗, z)]

= gen(wERM) +
1

n

n∑
i=1

`(wERM, zi )−
1

n

n∑
i=1

`(w∗, zi )︸ ︷︷ ︸
<0

+
1

n

n∑
i=1

`(w∗, zi )− Ez∼µ[`(w
∗, z)]

︸ ︷︷ ︸
LLN

≤ |gen(wERM)|+
1

n

n∑
i=1

`(w∗, zi )− Ez∼µ[`(w
∗, z)]

︸ ︷︷ ︸
LLN

where we define the generalization error as

gen(W ) :=| EZ∼µ[`(W ,Z )]− 1

n

n∑
i=1

`(W ,Zi ) |
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Information Theory for generalization error

Russo & Zou [TIT’19], Xu & Raginsky [NIPS’17]:

E[gen(W )] ≤
√

2σ2

n
I (W ;S)

Raginsky el al. [ITW’16]:

E[gen(W )] ≤

√√√√2σ2

n

n∑
i=1

I (W ;Zi |S−i )

Bu et al. [ISIT’19]:

E[gen(W )] ≤ 1

n

n∑
i=1

√
2σ2I (W ;Zi )

Negrea et al. [NIPS’19]:

E[gen(W )] ≤ E[
√
DKL (Q(S)‖P (SJ))/2]
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What is Transfer Learning?

Example:

Figure: Transfer learning of digit recognition
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Notations

Target Data: (z1, z2, · · · , zβn) for β ∈ [0, 1) with

S ′ ∈ S ′ := Z × Z · · · × Z︸ ︷︷ ︸
βn times

Target Data distribution:

PS ′ := µ′ × µ′ · · · × µ′︸ ︷︷ ︸
βn times

:= µ′⊗βn

Source Data: (zβn+1, zβn+2, · · · , zn) with

S ∈ S := Z × Z · · · × Z︸ ︷︷ ︸
(1−β)n times

Source Data distribution:

PS := µ× µ · · · × µ︸ ︷︷ ︸
(1−β)n times

:= µ⊗(1−β)n
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Risks Definition

Optimal hypothesis:

w∗ = arg min
w

EZ∼µ′ [`(w ,Z )]

Empirical Loss [Ben-David et al., ML’10]:

Lα(w) =
α

βn

βn∑
i=1

`(w , zi ) +
1− α

(1− β)n

n∑
i=βn+1

`(w , zi )

:= αÊS ′ [`(w , zi )] + (1− α)ÊS [`(w , zi )]

ERM hypothesis:

wERM = arg min
w

Lα(w ,S , S ′)
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Decomposition

Excess Risk:

ER(W ) := EZ ′∼µ′ [`(w ,Z
′)]− EZ ′∼µ′ [`(w

∗,Z ′)]

We can then decompose the excess risk as

ER(WERM) ≤|gen(WERM) + Lα(w
∗, S , S ′)− LPS ,PS′ (w

∗)︸ ︷︷ ︸
LNN

+(1− α)(Lµ(w∗)− Lµ′(w
∗))︸ ︷︷ ︸

constant

|

Generalization error for transfer learning:

gen(WERM) = Lµ′(WERM)− Lα(WERM,S ,S
′)
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Main results

If `(W ,Z )−E{`(W ,Z )} is upper bounded by ψ(λ) in the interval (b−, b+)
under the product distribution PW ⊗ µ′ for some b− < 0 and b+ > 0:

E{gen(WERM)} ≤ αÊS′ [ψ
∗−1
− (I (WERM;Zi ))]︸ ︷︷ ︸

Target

+(1− α)ÊS [ψ
∗−1
− (I (WERM;Zi ) + D(µ||µ′))]︸ ︷︷ ︸

Source

−E{gen(WERM)} ≤ αÊS′ [ψ
∗−1
+ (I (WERM;Zi ))] + (1− α)ÊS [ψ

∗−1
+ (I (WERM;Zi ) + D(µ||µ′))]

where we define

ψ∗−1− (x) := inf
λ∈[0,−b−)

x + ψ(−λ)

λ

ψ∗−1+ (x) := inf
λ∈[0,b+)

x + ψ(λ)

λ
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Sub-gaussian upper bound

If the loss function `(W ,Z ) is r2-subgaussian, namely

logE{eλ(`(W ,Z)−E{`(W ,Z))}} ≤ r2λ2

2

For any source samples and target samples

|E{gen(WERM)}| ≤αÊS ′

[√
2r2I (WERM;Zi )

]
+ (1− α)ÊS

[√
2r2(I (WERM;Zi ) + D(µ||µ′))

]
For β = 0, under generic Ŵ

|EŴS

[
Lµ′(Ŵ )− L̂(Ŵ ,S)

]
| ≤
√

2r2

n

n∑
i=1

√
I (Ŵ ;Zi ) + D(µ||µ′)
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Excess Risk Bound

Excess Risk w.r.t. µ′:

ER(W ) = EZ∼µ′ [`(W ,Zi )]− EZ∼µ′ [`(W
∗,Zi )]

With probability at least 1− δ:

ER(WERM) ≤αÊS ′

[√
2r2I (WERM;Zi )

]
+ (1− α)ÊS

[√
2r2(I (WERM;Zi ) + D(µ||µ′))

]

+

√
α2

β
+

(1− α)2

(1− β)

√
2r2 ln 2

δ

n
+ (1− α)DW(µ, µ′) + ε

where DW(µ, µ′) = supw∈W |Lµ(w)− Lµ′(w)|.
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Noisy iterative algorithm

We consider the following noisy gradient descent algorithm

W (t) = W (t − 1)− ηt∇L̂α(W (t − 1),S , S ′) + n(t)

After running T iterations, we can bound

EwSS′ [gen(W (T ))] ≤ α

√
2r2

βn
Î (S ′) + (1− α)

√√√√2r2

(
Î (S)

(1− β)n
+ D (µ‖µ′)

)

Where we define

Î (S ′) = Î (S) :=
d

2

T∑
t=1

log

(
2πe

η2tK
2
ST + dσ2

t

d

)
−

T∑
t=1

h(n(t))
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Extension

φ divergence bounds [Jiao et al., ISIT’17]

E[gen(WERM)] ≤α‖σ‖∞
βn

βn∑
i=1

Iφ(WERM; zi )

+
(1− α)‖σ‖∞

(1− β)n

n∑
i=βn+1

(Iφ(WERM; zi ) + 2TV (µ, µ′))

Wasserstein distance bounds [Wang et al., ISIT’19]

E[gen(WERM)] ≤ αL
βn

βn∑
i=1

Eµ′ [W1(PWERM
,PWERM|Zi

)]

+
(1− α)L
(1− β)n

n∑
i=βn+1

(
Eµ[W1(PWERM

,PWERM|Zi
)] + W1(µ, µ′)

)
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Gaussian Transfer

Data Distribution: µ = N (m, σ2), µ′ = N (m′, σ2), m 6= m′

Loss function: `(w , z) = (w − z)2.
ERM solution & Mutual Information::

WERM =
1

n

n∑
i=1

Zi , I (WERM;Zi ) =
1

2
log

n

n − 1

True generalization error:

E{L̂(WERM,S)− Lµ′(WERM)} =
2σ2

n
+ 2σ2D(µ‖µ′)

Upper-Bound:

E{gen(WERM)} ≤ 2

(
n + 1

n

)
σ2
√

1

2
log

n

n − 1
+ 2σ2D(µ‖µ′)
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Logistic Transfer

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5

6

4

2

0

2

4

6 source +
source -
target +
target -

Bernoulli distribution with probability:

p(1) =
1

1 + e−wT x

Loss function:

`(w , zi ) := −(yi log(σ(wT xi )) + (1− yi ) log(1− σ(wT xi )))
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Comparison with existing works

We compare the bound with the Rademacher Complexity bound [Zhang et
al., NIPS’12] under the same settings:

0.0 0.2 0.4 0.6 0.8
= , ns= 10000
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True Excess Risk
Information Theoretic Bound
Rademacher Complexity Bound

Figure: Comparisons for generalization error and excess risk
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Conclusion

Generalization error and excess risk bounds for transfer learning using
mutual information.

KL divergence (and other types of metrics) can be used to capture the
domain divergence under this framework.

Our bound is tighter in specific classification problems than the bound
derived using Rademacher complexity.

Future work: Gibbs algorithm.

Thank You!
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